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We show that the σ=f0ð500Þ state with finite-temperature T corrections to its spectral properties included
plays an essential role for the description of the scalar susceptibility χS, signaling chiral symmetry
restoration. First, we use theOð4Þ linear sigma model as a test bed to derive the connection between χS and
the σ propagator and to check the validity and reliability of the approach where χS is saturated by the
σ=f0ð500Þ inverse self-energy, which we calculate at finite T to one loop. A more accurate phenom-
enological description is achieved by considering the saturation approach as given by the thermal f0ð500Þ
state generated in unitarized chiral perturbation theory (UChPT). Such an approach allows us to describe
fairly well recent lattice data within the uncertainty range given by the UChPT parameters. Finally, we
compare the UChPT saturated description with one based on the hadron resonance gas, for which the
hadron mass dependences are extracted from recent theoretical analysis. Several fits to lattice data are
performed and confirm the validity of the thermal f0ð500Þ saturated approach and hence the importance of
that thermal state for chiral symmetry restoration.
DOI: 10.1103/PhysRevD.99.036018
I. INTRODUCTION
Chiral symmetry restoration and its nature are surely
among the key problems for our present understanding of
the QCD phase diagram. It is well established that in the
physical case of Nf ¼ 2þ 1 flavors with ml ≪ ms quark
masses the chiral transition is a crossover at a transition
temperature of about Tc ∼ 155–160 MeV for vanishing
baryon density [1–4]. The ideal chiral restoration phase
transition is reached only for Nf ¼ 2 and ml ¼ 0, while in
the physical case, it is approached in the light chiral limit
ml → 0þ [5].
The main signals of a chiral restoration crossover are, on
the one hand, the decreasing behavior of the quark
condensate hq¯qil ¼ hψ¯ lψ li, where ψ l ¼ ð ud Þ is the light
quark doublet, and, on the other hand, a peak in the scalar
susceptibility χSðTÞ, where
hq¯qilðTÞ ¼ ∂zðTÞ=∂ml; ð1Þ
χSðTÞ ¼ −
∂
∂ml hq¯qilðTÞ
¼
Z
T
d4x½hT ðψ¯ lψ lðxÞψ¯ lψ lð0Þi − hq¯qi2l ðTÞ; ð2Þ
R
T dx≡
R β
0 dτ
R
d3x⃗ at finite temperature T ¼ 1=β, we are
considering the isospin limitmu ¼ md ¼ ml, and h·i denotes
Euclidean finite-T correlators. The free energy density in the
above equations is zðTÞ ¼ −limV→∞ðβVÞ−1 logZ at finite
temperature T with vanishing chemical potentials, withZ the
QCD partition function or its hadronic realization through an
effective theory. Thus, the scalar susceptibility χS in (2)
should peak at the chiral transition or diverge in the light
chiral limit for Nf ¼ 2 [6,7], and this is indeed reflected in
lattice data [1] inwhich the peak of χS confirms the crossover
nature of the transition in the physical limit.
From the theoretical side, it is important to provide
reliable approximations which could describe the expected
behavior for the quark condensate and the scalar suscep-
tibility and eventually be used to fit lattice data. The most
widely used approach in this context has been the hadron
resonance gas (HRG) approximation [8–15]. Within the
HRG, the pressure of the system is described as a collection
of free resonances, including in principle all hadron states
quoted by the Particle Data Group (PDG) [16] up to a given
energy above which Boltzmann suppression is effective.
Thus, hadron interactions are meant to be encoded through
their corresponding resonant channels, and the width of the
resonant states is usually neglected. This approximation
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works quite well below Tc, where it is meant to be valid,
although qualitatively it does not reproduce the inflection
point expected for the quark condensate nor, as we will see
in detail here, the peak of the scalar susceptibility in the
crossover regime.
Calculations of the thermodynamics including inter-
actions among hadrons encompass the chiral perturbation
theory (ChPT) description of the light meson gas [17],
which provides a model-independent and consistent treat-
ment. Although restricted to low temperatures, it captures
well the contribution of the lightest states. An alternative is
the virial approach, in which interactions are incorporated
within a small fugacity expansion. Both ChPTand the virial
approach predict similar results consistent with chiral
symmetry restoration [18], although higher-order states
are needed, as provided by the HRG, to obtain results
compatible with the lattice.
A relevant issue, not often considered, is the importance of
the interactions among the thermal bath components, which
ultimately give rise to a temperature dependence of the
hadron spectral parameters (mass and width, generally
speaking). As a particular example of relevance for the
present work, the ChPT analysis of pion scattering at finite
temperature combined with unitarity arguments [19,20]
allows us to obtain the temperature dependence of the
ρð770Þ and f0ð500Þ poles in the second Riemann sheet
(2RS). In the ρ case, the results are compatible with the
observed widening in the dilepton spectrum, parametrized
through the pion form factor [21], but the more important
consequence for our present work concerns the f0ð500Þ
channel, since the analysis in Ref. [22] shows that the scalar
susceptibility saturated by such thermal f0ð500Þ state has a
maximum very close to the expected transition point, which
is quite remarkable given the approximations used.
In this work, we will explore in detail some phenom-
enological and theoretical aspects related to the scalar
susceptibility description through the f0ð500Þ thermal
state. Our aim and motivation are to investigate to what
extent the thermal f0ð500Þ must be taken into account
when describing observables regarding the chiral transition.
The scalar susceptibility is the candidate for which the
influence of such a state is meant to be dominant, since, as
we will explain below in detail, it should scale roughly as
the inverse thermal mass squared of the scalar propagator,
for which the f0ð500Þ gives the lightest contribution.
Our analysis will proceed along the following lines. The
formal connection of the f0ð500Þ with the scalar suscep-
tibility will be discussed in Sec. II, in which we will focus
the discussion on theOð4Þ linear sigma model (LSM) as an
example of a theory including explicitly the σ degree of
freedom, in which the connection between the scalar
susceptibility and the σ self-energy will be analyzed, and
on unitarized ChPT (UChPT), which provides a more
accurate description of the f0ð500Þ state at T ¼ 0 without
the need of such a state in the Lagrangian. In both cases, we
will see that the saturated approach provides a description
closer to lattice data, the UChPT approach reproducing the
expected crossover peak unlike the LSM one. Our next step
(Sec. II B) will be to check the robustness of the unitarized
saturation approach and its capability to describe lattice
data without further approximations. For that purpose, we
will study the sensibility of the model to the uncertainties in
the low-energy constants (LECs) of ChPT and to the
requirements imposed by the unitarization method, such
as unitarity, analiticity, and a good determination of the
T ¼ 0 pole. In Sec. III, we will present a HRG analysis of
the scalar susceptibility, which as far as we know has not
been studied so far. Finally, in Sec. IV, we will perform
detailed fits of lattice data to the unitarized model,
comparing it with the HRG description. Our main con-
clusions are summarized in Sec. V.
The present analysis will confirm the importance of
considering thermal (or generally in-medium) interactions
to describe certain hadron gas observables and the rel-
evance in particular of the f0ð500Þ thermal sate, opening up
interesting possibilities for future theoretical and lattice
studies.
II. THERMAL σ=f 0ð500Þ AND
THE SCALAR SUSCEPTIBILITY
In this section, we will discuss the connection of the
scalar susceptibility, defined in (2), with the lightest scalar
meson state, the σ or f0ð500Þ, which is indexed in the
Particle Data Book as a broad resonance arising dominantly
in ππ scattering [16]. The f0ð500Þ and its main properties
have been recently reviewed in Ref. [23]. This connection
will be studied first within the framework of theLSMas a test
bedwhichwill allowus to check the different approximations
used. Second, within UChPT, we will consider a saturated
approach in terms of the thermal f0ð500Þ generated as a pole
in ππ scattering.
A. Linear sigma model description
First, for clarifying purposes, let us consider a meson
field theory realization of low-energy QCD in which there
is an explicit realization of the scalar σ as a fundamental
field in the Lagrangian. A particular example is the LSM or
Oð4Þ vector model [24], which exhibits chiral symmetry
restoration properties [25,26]. For our present discussion, it
will be enough to consider the lightmeson sector Lagrangian
of this model in terms of sigma σ and pion πa fields,
LLSM ¼
1
2
∂μΦT∂μΦ − λ
4
½ΦTΦ − v202 þ hσ; ð3Þ
with ΦT ¼ ðσ; π⃗Þ, and we have chosen, as usual, the σ
direction to break the symmetry Oð4Þ → Oð3Þ. The h term
breaks explicitly the chiral symmetry, with h proportional to
the pionmass squared,whereas the potentialminima atΦ2 ¼
v2 ≠ 0 implement spontaneous chiral symmetry breaking.
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For h ¼ 0, v ¼ v0 (chiral limit), whereas for h ≠ 0, the value
of v is determined by the minimum of the potential VðσÞ as
h ¼ λvðv2 − v20Þ: ð4Þ
The T ¼ 0 standard procedure is to shift the field as
σ˜ ¼ σ − v, so that hσ˜i ¼ 0 to leading order. At T ≠ 0,
however, hσiðTÞ≡ vðTÞ ≠ v, so if one decides to use the
same shifted σ˜ field, as done, for instance, in Ref. [26], it
should be taken into account that hσ˜iðTÞ ¼ vðTÞ − v ≠ 0,
which in particular implies that one-particle reducible
(1PR) diagrams enter in the calculation of correlators, as
in the case of the σ˜ propagator. An alternative, followed in
Ref. [25], is to use instead the shifted field σˆ ¼ σ − vðTÞ so
that hσˆi ¼ 0. The temperature dependence of vðTÞ can be
determined within the LSM, for instance, from the mean-
field approach to leading order in λ [25].
With the first prescription, the Lagrangian (3) becomes,
in terms of the shifted σ˜ field,
LLSM ¼
1
2
ð∂μσ˜∂μσ˜ þ ∂μπa∂μπa −M20σσ˜2 −M20ππaπaÞ
−
λ
4
ðσ˜2 þ πaπaÞ2 − λvσ˜ðσ˜2 þ πaπaÞ
−
1
4λ
M40π þ v2M20π; ð5Þ
where M0π and M0σ are the tree-level pion and sigma
masses
M20π ¼
h
v
¼ λðv2 − v20Þ; M20σ ¼ M20π þ 2λv2; ð6Þ
and where, in order to comply with low-energy theorems, or
ChPT to leading order [27] [λ → ∞, ΦTΦ ¼ v20 in (3)], we
have v0 ¼ F, the pion decay constant in the chiral limit,
so that v ¼ v0ð1þOðM2π=M2σÞÞ ¼ Fð1þOðM2π=M2σÞÞ ¼
Fπð1þOðM2π=M2σÞÞ with Fπ ≃ 92.3 MeV. In addition, we
write as is customaryM20π ¼ 2B0ml so that to leadingorder in
the chiral low-energy expansion, the Gell-Mann-Oakes-
Renner relation hq¯qilðT ¼ 0Þ ¼ −2B0F2ð1þOðM2π=M2σÞÞ
holds.
Thus, the quark condensate (1) and the scalar suscep-
tibility (2) of the LSM can be written as follows:
hq¯qilðTÞ ¼ −
dh
dml
vðTÞ; ð7Þ
χSðTÞ ¼

d2h
dm2l

vðTÞ þ

dh
dml

2
×
Z
T
dxfhT σ˜ðxÞσ˜ð0Þi − hσ˜i2ðTÞg: ð8Þ
The subtraction of hσ˜i2 in χS above ensures that the self-
energy can be written in terms of standard connected
Feynman diagrams (including 1PR contributions) and is
free of contact divergences proportional to δð4Þðk ¼ 0Þ.
Nevertheless, we will work in the dimensional regulariza-
tion (DR) scheme, so that δðDÞð0Þ terms formally vanish
[28]. Thus, we can write
χSðTÞ ¼

d2h
dm2l

vðTÞ þ

dh
dml

2
Δσðk ¼ 0;TÞ; ð9Þ
where
Δσðk;TÞ ¼
1
k2 þM20σ þ Σðk0; k⃗;TÞ
ð10Þ
is the Euclidean propagator of the σ˜ field and Σðk0; k⃗;TÞ is
the self-energy, which in the thermal field theory frame-
work depends separately on the space and time components
of the 4-momentum k [29].
The coefficients of vðTÞ and Δσðs ¼ 0;TÞ in (9) can be
written in terms of v, M0σ , and M0π , using (6), as
dh
dml
¼ 2B0v

M20σ
M20σ −M20π

;
d2h
dm2l
¼ 4B20v
2M20σ − 3M20π
ðM20σ −M20πÞ2
: ð11Þ
The result (9) allows us to relate the scalar susceptibility
with the propagator of the scalar field. Note that the
first term of that equation is meant to be negligible near
chiral restoration since it vanishes proportionally to the
light quark condensate. Another argument that leads to the
same conclusion is the following: around the transition
region, χS tends to become degenerate with the pseudo-
scalar pion susceptibility χπ [30–32], confirmed in lattice
simulations [4]. On the other hand, a Ward identity
allows us to write χπ ¼ −hq¯qil=ml at any temperature
[4,22,33–35]. Therefore, near the transition, replacing
vðTÞ ¼ −ðdh=dmlÞ−1hq¯qilðTÞ ¼ −mlðdh=dmlÞ−1χπðTÞ ≃
−mlðdh=dmlÞ−1χSðTÞ in the first term on the rhs of (9), that
term is OðM20π=M20σÞ suppressed with respect to χSðTÞ on
the lhs of (9).
Therefore, near the transition, the scalar susceptibility is
proportional to the s ¼ 0 Euclidean scalar propagator, and
its temperature behavior in that region is therefore domi-
nated by the inverse self-energy of the lightest state, which
in this case is the σ of the LSM:
χSðTÞ ≃ 4B20v2

M20σ
M20σ −M20π

2
Δσðk ¼ 0;TÞ
⇒
χSðTÞ
χSð0Þ
≃
M20σ þ Σðk ¼ 0;T ¼ 0Þ
M20σ þ Σðk ¼ 0;TÞ
: ð12Þ
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We will refer to the above result as the saturated LSM
approach, in which the scalar susceptibility is approx-
imately described as the inverse of the self-energy of the
lightest scalar state. A similar approach will be carried out
and studied extensively in Secs. II B and IV for the
UChPT framework. In the latter approach, the self-energy
contribution is taken as the real part of the pole position in
the 2RS of the complex s ¼ k2 plane for the pion
scattering amplitude (in the center-of-momentum frame
k⃗ ¼ 0⃗). We will then use the present LSM analysis to study
the above saturation approach, in particular to compare it
with a strictly perturbative result for χS (see details below)
so that we can use it as a test bed for the UChPT
description, more realistic concerning the f0ð500Þ pole
determination.
The first step would be then to provide a well-defined
calculation of the σ self-energy in the LSM including finite-
temperature corrections. For clarity, we will stick to the
perturbative approach in λ. Although, as we are about to
check, the real values of λ needed to achieve reasonable
phenomenological results are quite large [23], the one-loop
corrections to the self-energy lie around a 15% at T ¼ 0
[23]. Besides, as mentioned above, our main goal within
the LSM is not to provide a reliable phenomenological
description but to provide a better understanding of the
different approximations for χS performed in this work, at
least parametrically in λ.
The one-loop diagrams contributing to the sigma self-
energy are given in Fig. 1. It is important to remark that a
consistent perturbative expansion requires that M20σ;M
2
0π
remain ofOð1Þ in the λ expansion so that k2 þM2σ remains
the leading order of the inverse propagator. Hence, using
(6), all the one-loop self-energy contributions remain of
OðλÞ. Namely, the contributions of every diagram in Fig. 1
read [26]
Σaðk0; k⃗;TÞ ¼ −3λðM20σ −M20πÞJðM0π; k0; k⃗; TÞ;
Σbðk0; k⃗;TÞ ¼ −9λðM20σ −M20πÞJðM0σ; k0; k⃗; TÞ;
ΣcðTÞ ¼ 3λGðM0π; TÞ;
ΣdðTÞ ¼ 3λGðM0σ; TÞ;
ΣeðTÞ ¼ −9λ
M20σ −M20π
M20σ
GðM0π; TÞ;
ΣfðTÞ ¼ −9λ
M20σ −M20π
M20σ
GðM0σ; TÞ; ð13Þ
where J and G are the finite-T integrals of the bubble and
tadpole diagrams, respectively,
JðMi;k0; k⃗;TÞ¼T
X∞
n¼−∞
Z
d3p⃗
ð2πÞ3
1
p2−M2i
1
ðp−kÞ2−M2i
;
ð14Þ
GðMi; TÞ ¼ T
X
n
Z
d3p⃗
ð2πÞ3
1
ω2n þ p⃗2 þM2i
; ð15Þ
and where ωn ¼ 2πnT, p ¼ ðiωn; p⃗Þ, k ¼ ðiωm; q⃗Þ, and
iωm → k0 by analytic continuation, which can be performed
after the Matsubara sums
P
n are carried out [29]. The
divergent parts of the above loop integrals will be para-
metrized in DR. Their explicit expressions including finite
parts can be found in Ref. [27] at T ¼ 0. At T ≠ 0,
we write GðM;TÞ ¼ GðM;T ¼ 0Þ þ g1ðM;TÞ with the g1
function defined in Ref. [17]. As for the J function, we
will only need JðM; k0; k⃗ ¼ 0⃗; TÞ, the finite-temperature
part of which can be found, for instance, in Refs. [19,36]
and for k0 ¼ 0 satisfies JðM; k ¼ 0; TÞ ≡ G2ðM; TÞ ¼
−dGðM; TÞ=dM2 ¼ G2ðM; T ¼ 0Þ þ g2ðM; TÞ with
g2ðM;TÞ ¼ −dg1ðM;TÞ=dM2.
(a) (b) (c)
(d) (e) (f)
FIG. 1. One-loop contributions to the σ self-energy in the LSM. The solid lines represent the pion fields, and the dashed lines represent
the sigma one.
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As we are about to see, a standard LSM renormalization will allow us to express the self-energy as a finite quantity.
Before that, we will provide a check of our result (9). From the Lagrangian (5), we have, within the perturbative λ
expansion,
vðTÞ ¼ d
dh
logZ ¼ − 1
2
dM20σ
dh
GðM0σ; TÞ −
3
2
dM20π
dh
GðM0π; TÞ −
1
4λ
dM40π
dh
þ dv
2
dh
M20π þ v2
dM20π
dh
þOðλ2Þ
¼ v

1 −
3λ
M20σ
ðGðM0σ; TÞ þ GðM0π; TÞÞ þOðλ2Þ

ð16Þ
⇒ hq¯qilðTÞ ¼ −2B0v2
M20σ
M20σ −M20π

1 −
3λ
M20σ
ðGðM0σ; TÞ þGðM0π; TÞÞ þOðλ2Þ

: ð17Þ
The above result is actually compatible with the mean-field approximation, where interactions and fluctuations are
considered small (see Ref. [25] in the chiral limit). Taking one more mass derivative, we obtain then the purely perturbative
expression for the scalar susceptibility:
χSðTÞ ¼
6B20
λ
½1þ λð3G2ðM0σ; TÞ þG2ðM0π; TÞÞ þOðλ2Þ: ð18Þ
One can now check that we arrive exactly at the same result by expanding (9) in powers of λ and using our previous
results (16) and (13).
Our next step will be to provide a finite and scale-independent result for the self-energy at finite temperature. The DR
pole can be absorbed in the T ¼ 0 renormalization of the pion and sigma masses,
M20σ −M20π ¼ ðM2σ −M2πÞ

1þ 6λ
16π2

Nϵ þ 1 − log
M2σ
μ2
−
1
6

þOðλ2Þ; ð19Þ
M20π ¼ M2π

1 −
3λ
16π2

ðNϵ þ 1Þ

1 −
3M2π
M2σ

þ

3M2π
M2σ
− 2

log
M2π
μ2
þ logM
2
σ
μ2

þOðλ2Þ; ð20Þ
withNϵ ¼ 2=ϵ − γ þ log 4π and μ the DR renormalization scale. The above renormalization coincides with that in the chiral
limit provided by Ref. [27]. See also the T ¼ 0 calculation of the σ propagator in Ref. [37]. With the above renormalization,
we get the LSM one-loop self-energy finite and scale independent,
Δ−1σ ¼ M2σ þ Σðk0; k⃗;TÞ;
Σðs; T ¼ 0Þ ¼ 3λ
16π2
ðM2σ −M2πÞ

σπðsÞ log

σπðsÞ þ 1
σπðsÞ − 1

þ 3σσðsÞ log

σσðsÞ þ 1
σσðsÞ − 1

þ log

M2π
M2σ

−
13
3

þOðλ2Þ;
Σðk0; k⃗;TÞ ¼ Σðs; T ¼ 0Þ þ 3λ

3M2π − 2M2σ
M2σ
½g1ðMπ; TÞ þ g1ðMσ; TÞ
− ðM2σ −M2πÞ½δJðMπ; k0; k⃗; TÞ þ 3δJðMσ; k0; k⃗; TÞ

þOðλ2Þ; ð21Þ
where
σiðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 −
4M2i
s
r
ð22Þ
is the two-particle phase space and δJðM; k; TÞ ¼ JðM; k; TÞ − JðM; k; 0Þ.
The pole of the propagator and its evolution with temperature can now be readily calculated. Perturbatively, the pole of
the propagator is at sp ¼ M2σ þ Σðk2 ¼ M2σÞ, which we will parametrize as is customary as sp ¼ ðMp − iΓp=2Þ2. At T ≠ 0,
it will be enough for the purposes of this work to consider the pole at k⃗ ¼ 0⃗. At T ¼ 0, we get, for Mσ > 2Mπ,
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Resp ¼ M2σ þ
3λðM2σ −M2πÞ
16π2

−
13
3
þ
ﬃﬃﬃ
3
p
π þ log

M2π
M2σ

þ σπðM2σÞ log
				 σπðM
2
σÞ þ 1
σπðM2σÞ − 1
				

; ð23Þ
Imsp ¼ −
3λðM2σ −M2πÞ
16π
σπðM2σÞ; ð24Þ
which agrees with the result in Ref. [38] in the chiral limit.
Following Ref. [23], we will set our reference values for the
numerical parameters of the model as those for which the σ
pole values lie near the experimental determination for the
f0ð500Þ in the PDG [16], namely,MPDGp ≃ð400−550ÞMeV,
ΓPDGp ≃ ð400−700Þ MeV. As noted in Ref. [23], there is no
way to accommodate the LSM parameters to get good
agreement both for Mp and Γp. We show in Fig. 2 the
dependence on λ of Mp and Γp for the physical Mπ ¼
140 MeV, which confirms the previous statement. In our
numerical results, we have taken for the tree-level M2σ ¼
M2π þ 2λF2π with Fπ ≃ 93 MeV. In view of those results, we
select as a reference range for our numerical results the
interval λ ∼ 10–20where the deviations from the PDG value
are not large in eitherMp or Γp, the lower (higher) value of λ
favoringMp (Γp) as shown for some samplevalues inTable I,
in which we also include the chiral limit values. In turn, we
note that, even though the typical λ values needed are large,
the one-loop corrections remain reasonably under control,
lying between 10%–15% for the corrections toMp compared
to the tree-level Mσ .
Our next step will be to provide the results for the
different approaches to the scalar susceptibility mentioned
above. Taking the k → 0þ limit for the self-energy, we can
get χSðTÞ from the saturated approach (12). From (21),
taking into account that
lim
s→0
σiðsÞ log
σiðsÞ − 1
σiðsÞ þ 1
¼ −2;
we have
Σðk ¼ 0;TÞ ¼ λ
16π2
ðM2σ −M2πÞ

11þ 3 log

M2π
M2σ

þ 3λ

3M2π − 2M2σ
M2σ
½g1ðMπ; TÞ þ g1ðMσ; TÞ
− ðM2σ −M2πÞ½g2ðMπ; TÞ þ 3g2ðMσ; TÞ

þOðλ2Þ: ð25Þ
In Fig. 3, we show our results for χSðTÞ in the saturated
approach, compared to the perturbative one arising from
(18). For an easier comparison with lattice data and with
our results in Secs. II B and III, we are using for the
saturated LSM susceptibility the following normalization:
χsat;LSMS ðTÞ ¼ A
M4π
4m2l
M20σ þ Σðk ¼ 0;T ¼ 0Þ
M20σ þ Σðk ¼ 0;TÞ
: ð26Þ
For the results in Fig. 3, we have taken A ¼ AChPT ≃ 0.15
as in Sec. II B (see comments below). Nevertheless, the
corresponding value for the normalization constant A from
the normalization given in (12) would be around ALSM ≈
4F2π=M2Sð0Þ ≈ 0.07–0.17 for the range of values shown in
Table I and hence compatible with the ChPT value.
The main conclusion that we extract from the results
shown in Fig. 3 is that the saturated approach provides a
Mp(MeV)
p(MeV)
5 10 15 20 25 30 35
0
200
400
600
800
1000
FIG. 2. Pole parameters Mp and Γp in the one-loop LSM as a
function of λ for the physical mass Mπ .
TABLE I. Pole mass and width at T ¼ 0 for sample values of λ,
with Mp ¼ Re ﬃﬃﬃﬃﬃspp and Γp ¼ −2Im ﬃﬃﬃﬃﬃspp .
Mπ (MeV) Mp (MeV) Γp (MeV) λ
0 450.0 172.5 8.4
0 775.1 550.0 20.0
140 450.0 159.2 9.6
140 750.1 550.0 21.2
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much stronger growth with temperature than the purely
perturbative one, actually covering lattice data below the
transition for the range of values of λ ∼ 10–20 correspond-
ing to the T ¼ 0 poles in Table I. However, the saturated
susceptibility actually diverges around the transition point,
even in the massive case, and therefore is not able to
reproduce either the crossover peak. As we will see in
Sec. II B, the UChPT approach will considerably improve
this behavior. Nevertheless, an important comment is that,
even within this LSM approach, which has its own
limitations, as we are discussing here, a saturated descrip-
tion of the scalar susceptibility in terms of the thermal self-
energy seems to be able to describe lattice data reasonably
without adding additional degrees of freedom. That feature
is shared also by the UChPT approach and is one of the
main conclusions of this work. Finally, in Fig. 3, we have
shown also a comparison of the s ¼ 0 result for the self-
energy temperature dependence with the same approach
evaluating the real part of the self-energy at s ¼ sp, the
latter being the point at which the equivalent of the self-
energy is naturally evaluated within the UChPT approach
(see details in Sec. II B). The qualitative behavior is the
same, although numerically the temperature at which the
self-energy vanishes (divergent susceptibility) moves to a
higher value. In both cases, the dropping behavior can be
understood as a chiral symmetry restoration tendency, since
M2σ þ ReΣ corresponds to the T-dependent scalar mass,
which means it drops below the transition approaching the
pion mass [25].
B. Unitarized chiral perturbation theory:
Thermal f 0ð500Þ saturation approach
The LSM description discussed in the previous section
relies on the one-loop λ expansion. However, as we have
just seen, the typical numerical λ values needed to repro-
duce meson observables are large, in particular to reconcile
both the real and imaginary parts of the f0ð500Þ pole at
T ¼ 0 found in the one-loop LSM with the experimentally
observed range for those quantities. In addition, the σ stable
state in the Lagrangian formulation is not well justified
physically.
A well-established framework to generate the f0ð500Þ,
without having to appeal to an explicit σ-field Lagrangian
realization, is UChPT. One starts from the ChPT series for
the ππ scattering amplitude in a given channel, projected
into partial waves of well-defined isospin I and angular
momentum J [27], namely, tIJðs;TÞ≃tIJ2 ðsÞþtIJ4 ðs;TÞþ.
The t4 contribution contains one-loop diagrams from the
second-order ChPT Lagrangian as well as tree-level terms
from the fourth-order one proportional to LECs. The temper-
ature corrections arise in loops and are therefore included
from the t4 contribution onward [19]. The ChPT series
ensures the model-independent low-energy behavior
and is unitary only perturbatively, i.e., Imt4 ¼ σπjt2j2 for
s ≥ 4M2π and so on,withσπ the two-pionphase space defined
in (22).
An exactly unitary amplitude can be constructed by
several methods. The main method we will follow here is
the Oðp4Þ inverse amplitude method (IAM), originally
developed at T ¼ 0 in Ref. [39] and extended to finite
temperature in Ref. [20]. In that approach, exact unitarity
and matching to the low-energy ChPT expansion are
demanded, including the finite-temperature corrections to
the scattering amplitude in the center-of-momentum frame,
which implies the modification of the phase space
σTðs; TÞ ¼ σπ½1þ 2nBð
ﬃﬃ
s
p
=2; TÞ; ð27Þ
with nBðx; tÞ ¼ ½expðx=TÞ − 1−1 the Bose-Einstein distri-
bution function, so that perturbatively Imt4ðs; TÞ ¼
σTðs; TÞjt2ðsÞj2 for s ≥ 4M2π.
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Y.Aoki et al (2009)
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FIG. 3. Left: LSM thermal self-energy at k ¼ 0 and at k0 ¼ Mσ , k⃗ ¼ 0⃗, for the range λ ¼ 10–20. Right: Saturated susceptibility in the
LSM compared to lattice data and to the purely perturbative one. In both figures,Mπ ¼ 140 MeV. The lattice data and errors are from
Ref. [1].
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Thus, the unitarized IAM partial waves read
tIAMðs;TÞ ¼
t2ðsÞ2
t2ðsÞ − t4ðs; TÞ
: ð28Þ
The above amplitude is analytic off the real axis and
satisfies the exact thermal unitarity relation ImtIAM ¼
σT jtIAMj2 for s ≥ 4M2π. As a consistency check, this relation
has been shown to hold exactly within the large-NGB
approach in the chiral limit, in which NGB is the number of
Goldstone bosons [40]. In addition, the IAM amplitude
reproduces the ChPT series up to Oðp4Þ when expanded at
low energies and is analytical in the complex s plane [20],
which ultimately allows us to search for resonances as poles
in the 2RS. Thus, the f0ð500Þ (I ¼ J ¼ 0) and the ρð770Þ
(I ¼ J ¼ 1) are generated at T ¼ 0 with their pole position
parameters sp ¼ ðMp − iΓp=2Þ2 in agreement with those
quoted experimentally by the PDG [16]. For the f0ð500Þ,
taking the LEC given in Ref. [41], which we will use
throughout this work, one gets Mp ¼ 442.66 MeV and
Γp ¼ 433.0 MeV at T ¼ 0.
According to our discussion in Sec. II A, we expect the
scalar susceptibility χSðTÞ to be proportional to the inverse
of Σðk ¼ 0Þ, Σ denoting generically the self-energy of the
f0ð500Þ state. However, within the UChPT approach, the
f0ð500Þ state is dynamically generated and then emerges as
a 2RS pole of the scattering amplitude rather than a time-
ordered product or thermal correlator, as in the case of the
LSM discussed in the previous section. Thus, within
UChPT, instead of Σ, we have access to the pole parameters
of the f0ð500Þ state, namely,Mp, Γp, and gσππ , the effective
σππ effective coupling [23], so that the 2RS amplitude
reads around the pole
tII ¼ 1
16π
g2σππ
s − sp
þ    ; ð29Þ
and the dots denote subdominant terms around s ∼ sp. Note
that if we regard (29) as the exchange of a scalar state f0 the
self-energy of such a state would satisfy Σf0ðspÞ ¼ sp,
where we have included in Σf0 the equivalent of the tree-
level mass. On the other hand, ImΣf0ðk ¼ 0Þ ¼ 0 since at
k ¼ 0 there are no decay channels open so that, assuming
that the sensitivity of ReΣf0 from sp to s ¼ 0 lies within the
typical uncertainty range of this approach, which we will
analyze in detail below, we are led to the definition of the
unitarized scalar susceptibility, which corresponds to the
saturated thermal f0ð500Þ state approach within UChPT,
χUS ðTÞ ¼ A
M4π
4m2l
M2Sð0Þ
M2SðTÞ
; ð30Þ
where we follow the same normalization as in Sec. II A and
where the scalar thermal pole mass (defined as the real part
of self-energy at the pole) is
M2SðTÞ ¼ RespðTÞ ¼ M2pðTÞ −
1
4
Γ2pðTÞ; ð31Þ
the temperature dependence of MpðTÞ and ΓpðTÞ being
determined from the 2RS pole of the unitarized amplitude
(28), as discussed above. The thermal mass definition (31)
shows a dropping behavior compatible with the expected
chiral restoring features discussed in Sec. II A, unlike the
I ¼ J ¼ 1 channel, in which the mass has a much softer T
dependence [20,22]. Moreover, in Ref. [22], it has been
shown that if the normalization A is chosen to match the
perturbative ChPT one-loop result for χS at T ¼ 0, i.e.,
AChPT ¼
4m2l
M4π
χChPTS ð0Þ ¼
χChPTS ð0Þ
B20
≃ 0.15; ð32Þ
the resulting χUS follows closely the ChPT curve for low
temperatures and develops a maximum at a temperature
around 157 MeV (with the LECs used in Ref. [22]),
supporting strongly our previous assumptions. One of
our main purposes here is to test in a more quantitative
way the reliability of that saturated approach to describe
lattice data, as compared with other approaches such as the
HRG discussed in Sec. III, the LSM described in Sec. II A,
or χSðTÞ obtained perturbatively in ChPT or the virial
approach [18].
The theoretical uncertainties involved in χUS in (30) can
be parametrized into three main types: the normalization
factor A, the choice of the unitarization method, and the
numerical uncertainties of the LEC involved in ππ scatter-
ing for the pole determination. Here, we will analyze in
detail the sensibility of this approach to those three sources,
focusing on its description of lattice data at finite temper-
ature while complying with the T ¼ 0 predictions for
scattering data, the f0ð500Þ pole, and the ChPT low-energy
approach.
Let us consider first the LEC dependence. As stated
above, we will use as a reference set of LECs those given in
[41], namely,
lr1 ¼ −ð3.7 0.2Þ × 10−3; lr2 ¼ ð5.0 0.4Þ × 10−3;
lr3 ¼ ð0.8 3.8Þ × 10−3; lr4 ¼ ð6.2 5.7Þ × 10−3;
ð33Þ
where lri are the SU(2) renormalized LECs according to the
notation in Ref. [27], evaluated at a DR scale μ ¼ 770 MeV.
The above LECs were obtained by a fit of the IAM to
scattering data, leaving lr3 and l
r
4 fixed to their original ChPT
values inRef. [27].We remark that the LECs appearing in the
ππ scattering vertices are lr1;2 and are those to which the pole
position parameters of resonances are most sensitive, while
lr3;4 arise from the renormalization of the pion massMπ and
the pion decay constant Fπ .
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We will estimate the range of variation of the saturated
susceptibility by considering, for every T, the mean square
error of the results obtained for the eight combinations of
upper and lower values given by (33). The resulting
uncertainty band is shown in Fig. 4, in which the central
line corresponds to the average value and in which we
compare our prediction for χS based on the saturated
thermal f0ð500Þ approach, with lattice data coming from
the work [1], the results of which can be easily translated
into our present normalization. We consider also in the
figure the uncertainty band generated solely by lr1 and l
r
2,
which as we see remains very close to the band of the four
LECs, confirming our previous observation about the
sensitivity of the pole parameters to the LECs. We also
include in the figure the one-loop ChPT curvewith the LECs
given in Ref. [18]. Note that the ChPT result lies close to the
LSM perturbative one in Fig. 3 since the leading behavior in
the LSM result (18) comes from g2ðMπ; TÞ, which is
precisely the ChPT pion gas contribution [18].
These results lead to interesting conclusions: as we had
anticipated, the saturated UChPT result reproduces the
expected crossover peak around the transition and hence
improves over the saturated LSM in Sec. II A. We will
actually see here that the adequate description of the T ¼ 0
pole of the UChPT result, as well as other basic require-
ments such as analiticity and unitarity, produce this
behavior. Moreover, most of the lattice data fall into the
uncertainty band, the approach being especially adequate
near the transition region. Put in different words, one could
use the LECs as fit parameters to reproduce the lattice χS at
finite temperature, and the results of the fit would be in the
range allowed by the T ¼ 0 determinations of those LECs
based on experimental information.
Nevertheless, it would be reassuring to consider other
ways to test the robustness of the unitarized approach. For
that reason, let us consider another possible theoretical
source of uncertainty, the unitarization method, which in
turn will allow us to understand better which are the
essential requirements that we should incorporate in the
unitarized approach.
Asmentioned above, the IAM satisfies unitarity for partial
waves and reproduces the two first terms of the ChPT series
at low energies, i.e., t2 þ t4. If we relax the second condition
only to t2, this leads to the so calledK-matrix amplitude (see,
for instance, the discussion in Refs. [23,42]),
tKðs;TÞ ¼
t2ðsÞ
1 − σTðs; TÞt2ðsÞ
; ð34Þ
wherewe have used that Imt4ðs; TÞ ¼ σTt2ðsÞ2 for s ≥ 4M2π.
Although the above amplitude is unitary, it is not analytic due
to the phase space factor σTðs; TÞ, so it cannot be properly
extended to the complex s plane, in particular to define
properly the 2RS. The requirement of analyticity is then
crucial, as satisfied, for instance, by the IAM. With some
modificationswith respect to (34),we can construct a unitary,
analytical amplitude, different from the IAM and based on
the so-called chiral unitary approach [43] as
tUmodðs;TÞ ¼
t22ðsÞ
t2ðsÞ − t4Jðs; TÞ
; ð35Þ
with
t4Jðs; TÞ ¼ t4ðs; 0Þ þ 16πt2ðsÞ2½JðMπ; k0 ¼
ﬃﬃ
s
p
; k⃗ ¼ 0⃗; TÞ − JðMπ; k0 ¼
ﬃﬃ
s
p
; k⃗ ¼ 0⃗; T ¼ 0Þ ð36Þ
and J the loop thermal integral defined in (14), which
comes from the s-channel ππ scattering amplitude in the
center-of-momentum frame, responsible for the unitarity
contribution [19].
The unitarized amplitude (35) can be understood as
obtained from (34) by replacing the σTðs; TÞ contribution in
the denominator by an analytic function in s satisfying
unitarity, since ImJðs; TÞ ¼ σTðs; TÞ=ð16πÞ for s ≥ 4M2π.
Note that we keep the full t4 ChPTamplitude at T ¼ 0. The
reason is that we are renormalizing the T ¼ 0 divergent part
of the integral (14), dimensionally regularized, following
the standard ChPT prescription [27], i.e., absorbing the
divergence in the LECs. On the other hand, since we are
using the LECs in Ref. [41], fitted with the full IAM,
to be consistent, we have to ensure that the modified
amplitude (35) reduces at T ¼ 0 to the IAM one in (28).
Thermal f0(500) saturated
LEC uncertainty band l1r–l4r
LEC uncertainty band l1r ,l2r
Y.Aoki et al
ChPT one loop
0 25 50 75 100 125 150 175
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
T (MeV)
FIG. 4. Results for the f0ð500Þ saturated scalar susceptibility
(30) normalized with AChPT in (32) including the uncertainties
coming from the LECs (33). The lattice data and errors are from
Ref. [1]. The central curves corresponding to the two uncertainty
bands shown lie on top of each other.
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This guarantees also that the T ¼ 0 f0ð500Þ pole remains at
the same value, compatible with the PDG, with these two
different unitarization methods at finite temperature. In
addition, in this way, we will be able to test again the
sensitivity to the LEC uncertainties in (33). As for
the finite-temperature correction in (35), we are taking
the minimal contribution ensuring unitarity and analyticity,
i.e., the T-dependent part of Jðs; TÞ. As we are about to see,
keeping the three requirements of analiticity, unitarity, and
the T ¼ 0 pole leads to a qualitative behavior compatible
with the crossover.
In Fig. 5, we plot the resulting M2SðTÞ defined in (31),
with the two methods we have discussed, i.e., the IAM and
the Umod ones. We also consider the same function taking
the light chiral limit (Mπ → 0þ) in our expressions [recall
that the lri in (33) are mass independent]. We observe that
the qualitative behavior around the transition is the same
with both methods; i.e., they both develop a minimum
around T ≃ 150 MeV in the massive case. However, we see
that the curve of the Umod method reaches zero before the
minimum, which would give rise to a divergent suscep-
tibility at that point, pretty much like the LSM saturated
approach in Sec. II A except that in the LSM the thermal
mass does not develop a minimum. That difference
between the two methods remains when the uncertainty
bands for the LEC are included. In that figure, we also show
the constant M2π reference value. The fact that the two
methods give rise to a decreasing function approaching the
pion mass squared strengthens the interpretation of M2SðTÞ
as a scalar mass, since Oð4Þ restoration would imply the
degeneration of σ − π states, while the thermal dependence
of the pion mass is meant to be smooth [44].
Therefore, the requirements of thermal unitarity and
analyticity, together with the T ¼ 0 pole prediction, guar-
antee the key qualitative features of a crossover behavior in
terms of the position of the minimum as compared to the
lattice prediction for Tc, reasonably maintained within the
LEC uncertainty band. This is then a robust result.
However, the additional requirement, only fulfilled by
the IAM, of complying with the ChPT thermal scattering
amplitude up to fourth order is needed to describe the scalar
susceptibility accurately.
The previous difference between the two methods is
washed out in the chiral limit, as Fig. 5 shows. There, both
methods yield results compatible among them within the
LEC uncertainty band, predicting a critical temperature at
which the scalar mass vanishes, which is consistent with the
expected reduction of the lattice Tc of around 15%–20% in
the chiral limit [3].
Our results in this section might seem somehow striking,
since we are describing a thermodynamical observable near
the transition with just one effective state, the thermal
f0ð500Þ, without using the information coming from the
rest of the hadronic spectrum. Qualitatively, we had
observed the same feature in the LSM in Sec. II A.
Actually, this is our main motivation to compare the
UChPT analysis with the HRG approximation described
in Sec. III. In this regard, one must take into account that, as
stated above, χSðTÞ is precisely the observable where the
lightest scalar state is meant to dominate, while this
conclusion may not be extensible to other quantities such
as the quark condensate. Thus, the thermal unitarization
procedure seems to incorporate in a natural way the
relevant information of higher-order states, encoded pre-
cisely in the LECs. Our results may at first seem at odds
with the usual claim within the HRG approach stating that
the f0ð500Þ state can be ignored in the list of hadron states
contributing to the partition function, motivated partly by a
cancellation between the IJ ¼ 00 and IJ ¼ 20 channels in
the T ¼ 0 partial waves when considering the virial
expansion [18,45] in which those channels appear weighted
by the ð2I þ 1Þð2J þ 1Þ factor. However, it is important to
MS2 (T )
MS2 (0)
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Umod
M 2/MS2(0)
M =140 MeV
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FIG. 5. Squared scalar f0ð500Þ thermal mass as defined by (31), calculated with the IAM and Umod unitarization methods in (28)
and (35), respectively. Left: for the physical pion mass, where we show the pion mass squared value. Right: in the chiral limit. In both
cases, the bands reflect the uncertainties in the LECs lr1 and l
r
2 given in (33) with l
r
3 and l
r
4 fixed at their central values.
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point out that we are including here, as a key ingredient, the
thermal corrections to the ππ scattering amplitude, which
include higher-order finite-T corrections not included in the
usual virial approach, in which scattering is included only
at T ¼ 0. Those thermal corrections, as explained above,
account for the thermal unitarity processes giving rise
ultimately to the main modifications of the f0ð500Þ pole
parameters, directly connected with chiral symmetry resto-
ration as we are seeing here.
In connection with the last comment, one may wonder
what would be the effect of the f0ð500Þ state and its
thermal modifications in other observables relevant in
heavy ion collisions, such as hadron multiplicities and
yields. The latter have been successfully described within
the so-called thermal statistical models, very much in the
same spirit as the HRG [46–49] (see Sec. III) in which the
different PDG states contribute through their free partition
function, and the resonances width can be incorporated by
integrating in energy with a suitable Breit-Wigner shape
[46]. The decay channels of those resonances feed the
hadron yields at chemical freeze-out. Following this
approach, the effect of including the f0ð500Þ was first
studied in Ref. [47], resulting in a few percent increase in
the pion yield from the ππ decay channel. That analysis
showed also little dependence on variations of the f0ð500Þ
mass and width, which would lead to the conclusion that
the finite-T corrections we are discussing here would not
have a significant effect for those observables. Regarding
the connection with the QCD phase transition, hadron
yields and multiplicities are correlated to hadronization
rather than to chiral symmetry [49], and hence we would
expect a smaller effect of the f0ð500Þ modifications
addressed in the present work.
However, as we have discussed above, the f0ð500Þ
should be treated as a broad resonance, and hence the
Breit-Wigner approach is not quite adequate in that case. In
addition, as we have just mentioned, the IJ ¼ 20 repulsive
channel would produce a cancellation of the f0ð500Þ effect
that has to be accounted for. Such an analysis has been
performed in Ref. [45] within the virial approach, showing
that such a cancellation takes place also for the pion yield,
resulting in a much smaller effect, around a 0.3% decrease.
Within that approach, the quantity controlling the particle
spectra for those channels and hence the pion yield and
multiplicity is
dIJðEÞ ¼
1
π
dδIJðEÞ
dE
; ð37Þ
with E ¼ ﬃﬃsp and δIJ the corresponding IJ channel phase
shift. Thus, to provide here a rough estimate of the possible
effects of the f0ð500Þ spectral modifications, we have
calculated the d00ðEÞ and d20ðEÞ distributions in (37) with
the phase shifts obtained from the IAM, both at T ¼ 0 and
at T ¼ 156 MeV, which is the freeze-out temperature
considered in Ref. [45]. The result is that the qualitative
picture that we have just described with T ¼ 0 phase shifts
does not change much for the isospin-weighted combina-
tion ð2I þ 1Þð2J þ 1ÞdIJ, the modification being smaller as
E increases. The modifications for the individual dIJ follow
a similar behavior.
The previous arguments indicate that the thermal effects
on the f0ð500Þ discussed here are not expected to produce
large corrections regarding the pion multiplicity and yield,
unlike the case of the scalar susceptibility. A different story,
though, would be the study of correlations such as πþπ−,
which are not isospin averaged so that the previous
cancellation does not occur [45]. In this sense, a promising
line of research is the analysis of correlations and fluctua-
tions in heavy ion collisions and their connection with the
QCD phase diagram [50].
Generally speaking, it would be interesting to examine
how the thermal dependence of other PDG states can affect
different observables, including hadron yields and corre-
lations. Although such an analysis is beyond the scope of
this work, there are significant examples of light mesons
which might be of interest. Apart from the ρ meson and its
well-known influence in the photon and dilepton spectrum,
already mentioned in the Introduction, other relevant states
which are in the line of our present approach are the κ and
a0 mesons, which play a crucial role in understanding the
pattern of chiral symmetry restoration in connection with
the Uð1ÞA symmetry [51].
III. HADRON RESONANCE GAS APPROACH
The results in the previous sections show that one can
actually describe correctly the lattice results for the scalar
susceptibility, saturating it with just the contribution from
the thermal f0ð500Þ state. On the other hand, one would
expect that any thermodynamical quantity should be
sensitive to higher-order hadron states as the transition
point is approached, according to the standard framework
of the HRG, as we have mentioned before. Therefore, the
inclusion of the thermal effects in the f0ð500Þ pole and
the LEC dependence somehow account effectively for the
effect of those states, generating novel additional features
such as the crossoverlike behavior discussed in the previous
section. To make this comparison more clear, we will
provide in this section the result for the scalar susceptibility
within the HRG approach, which, as stated in the
Introduction, has been used extensively in the literature
to describe the hadron gas below the transition.
The free energy density in the simplest HRG approxi-
mation, i.e., considering only free resonant states without
including their width or their interactions, is given by
[9–13,15]
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zðTÞ ¼ zMðTÞ þ zBðTÞ;
zM;BðTÞ ¼ T
X
M;B
di
Z
d3p⃗
ð2πÞ3 log ½1 ∓ e
−βEiðpÞ; ð38Þ
where Ei ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jk⃗j2 þM2i
q
,M and B stand for the meson and
baryon contributions, the upper sign is for mesons, and the
lower one is for baryons. The sum extends to hadron states
with degeneracy di and massMi quoted in the PDG [16]. In
this work, we will consider only hadron states up to
M ¼ 2 GeV, following Ref. [15].
From the pressure or the free energy density, one can, in
principle, derive straightforwardly the quark condensate
and the scalar susceptibility according to (1) and (2).
However, the HRG formulation is parametrized in terms
of hadron masses, so any calculation involving quark mass
derivatives requires modeling the hadron mass dependence
on quark masses. Several approximations for such a
dependence have been followed in the literature within
the HRG context, starting from a simple linear dependence
of the form ∂Mh∂M2π ¼ 2C with constant C [9,11] to more
elaborate ones [10,12,13,15]. Here, we will follow
the approach in Refs. [12,15], which gives a good fit for
the quark condensate to the Nt ¼ 12 lattice data in Ref. [1],
used here as a lattice reference set of data for both the quark
condensate and for the scalar susceptibility. Within that
approach, the dependence of pseudo Nambu-Goldstone
bosons, i.e., pion, kaon, and eta masses, is extracted
directly from the one-loop ChPT calculation [52], while
the masses of the rest of the hadrons are taken to scale
within a constituent quark picture as
∂MB
∂ml;s ¼ ð3 − NsÞ
∂Ml
∂ml;s þ Ns
∂Ms
∂ml;s ;
∂MM
∂ml;s ¼ ð2 − NsÞ
∂Ml
∂ml;s þ Ns
∂Ms
∂ml;s ; ð39Þ
where the constituent masses Ml and Ms for light and
strange quarks are extracted from the Nambu-Jona-Lasinio
model calculation in Ref. [53]. We follow Ref. [15] for the
assignments of the hadron strangeness content for open and
hidden strange mesons, as well as for singlet and octet
members.
We show in Fig. 6 the light quark condensate and the
scalar susceptibility within the HRG approach. As it is
known, within this approach, the quark condensate drops
monotonically and vanishes at a given temperature, for
physical quark masses. There is a substantial reduction with
respect to ChPT in the transition temperature, estimated here
as the vanishing condensate point, when all the hadron
degrees of freedom are included. The value obtained from
the plot in Fig. 6 is Tc ≃ 178.5 MeV, while the value
obtained, for instance, in ChPT with three-loop pion inter-
actions [17], or in the virial approach [18], is around
Tc ≃ 250 MeV. We will actually see in the next section
that allowing some uncertainty in the normalization of the
HRG expressions, to account in a simple way for the
different uncertainties involved, allows for a fairly good
description of lattice data.
As for the scalar susceptibility, the HRG approach shown
here (and not calculated before to the best of our knowl-
edge) gives rise to a monotonically increased function, just
as ChPT or virial approaches [17,18], i.e., not reproducing
the transition crossover peak. Also in the next section, we
will carefully explore to what extent the HRG approach can
describe simultaneously the quark condensate and suscep-
tibility lattice results.
IV. FITS TO LATTICE DATA
In this section, we will perform a more detailed analysis
of the description of lattice data within the theoretical
framework developed in this work. We will concentrate
mostly in the scalar susceptibility, since, as explained
before, this is the thermodynamic observable for which
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FIG. 6. Light quark condensate and scalar susceptibility in the hadron resonance gas approach described in the main text.
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the role of the thermal f0ð500Þ is expected to be more
important. In particular, we will compare the description
provided by the thermal f0ð500Þ saturation approach with
that of the HRG, in a more quantitative way.
For an effective way to parametrize the uncertainties in
both approaches, we will allow for a normalization con-
stant, which we will consider as our fit parameter. Thus, in
the thermal f0ð500Þ saturation definition (30), we fit the A
parameter instead of fixing it to its ChPT value, which
accounts at least partially for the uncertainties inherent of
this method and discussed in Sec. II B. The results we have
obtained in Sec. II B show that we could alternatively fit the
LECs within their T ¼ 0 uncertainties to get a good
description of lattice points, especially around the transition
peak. As for the HRG approach, we normalize z → Bz in
(38) as a simple way to parametrize the uncertainties in this
approach such as the quark mass dependence of hadron
masses, the upper limit of the resonances included, or the
absence of interactions and decay channels.
We show in Fig. 7 the results of two different fits of the
thermal f0ð500Þ saturated approach. The difference
between those two fits is just the number of points included.
Thus, in fit 2, we include two more points around the
transition point. The result for the A parameter is shown in
the figure, together with the uncertainty band correspond-
ing to the 95% confidence level of the fit. The different fit
parameters as well as the goodness of fit indicators are
collected in Table II for all the fits performed in this section.
Note that the values of A quoted in the table are compatible
with the ChPT value in (32), and therefore the predictions
of the fitted curve for lattice data do not spoil the expected
T ¼ 0 value for the scalar susceptibility, as given by the
ChPT result.
On the other hand, in Fig. 8, we show the results of two
fits with the HRG approach (HRG fits 1 and 2), corre-
sponding to fit only the susceptibility lattice points, with the
same sets of data used for fits 1 and 2 with the thermal
f0ð500Þ approach. We see that, as long as we keep the data
points below Tc, the HRG gives a slightly better fit than the
thermal f0ð500Þ one, as would be naturally expected from a
HRG approach. However, including only two more points
around Tc worsens the HRG in favor of the f0ð500Þ one,
which is consistent with the different qualitative behavior
of both curves around the maximum and confirms our
previous comments about the role of the thermal f0ð500Þ.
Regarding the HRG description, an important observa-
tion must be taken into account: the values of B needed to
fit the susceptibility are in conflict with those needed to fit
the quark condensate. Let us justify this conclusion in
detail. For that purpose, we consider the HRG result for the
reduced quark condensate
Δl;s ¼
hq¯qilðTÞ − mlms hs¯siðTÞ
hq¯qilð0Þ − mlms hs¯sið0Þ
; ð40Þ
TABLE II. Parameters for the different fits as explained in the main text.
Fit A B χ2=dof R2 Tmax (MeV)
Thermal f0ð500Þ fit 1 0.13 0.02 6.25 0.986 155
Thermal f0ð500Þ fit 2 0.13 0.01 4.93 0.989 165
HRG fit 1 1.90 0.02 1.33 0.997 155
HRG fit 2 1.71 0.23 10.30 0.978 165
HRG fit 3 1.06 0.12 3.77 0.998 155
Thermal f0(500) saturated fit 1
Y.Aoki et al
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FIG. 7. Fits of the thermal f0ð500Þ saturated scalar susceptibility with the normalization constant as a fit parameter and with the central
values of the LEC given in (33). Fit 1 corresponds to fitting data up to T ≤ Tc ¼ 155 MeV, while in fit 2, we include two more lattice
points, up to T ¼ 163 MeV. The quoted uncertainties in the A parameter and the bands correspond to the 95% confidence level of the fit.
The lattice data and errors are from Ref. [1].
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which is one of the condensate combinations for which
lattice analysis yield definite predictions, being free of
finite-size divergences [1–4]. We include the fitting B
parameter as explained before (recall that B multiplies only
the finite-temperature correction of quark condensates, not
their T ¼ 0 part). The result of such a fit (HRG fit 3)
is provided in Fig. 9, the fit parameters being given in
Table II, and shows a very good description of the reduced
condensate, with a value of B compatible with unity and
therefore in agreement with the analysis in Ref. [15].
However, that value is incompatible with that in fit 2, i.e.,
the HRG scalar susceptibility fit in the same temperature
range. Such incompatibility is clearly seen in the prediction
for χS shown in the right panel of that figure. Recall that those
lattice data for both quantities come exactly from the same
collaboration and lattice setup. The previous claim is con-
firmed if we try to fit jointly the reduced condensate and
scalar susceptibility lattice points. In that case, we obtain a
χ2=dof ≃ 71, indicating clearly that such a joint description
of both quantities within the HRG approach is not feasible.
We could, of course, perform more elaborated fits, such
as considering the LECs in the thermal f0ð500Þ or the
hadron masses and their quark mass dependence in the
HRG as additional fit parameters. However, the main
objective of our present analysis is to compare both
approaches and show that actually the thermal f0ð500Þ
one is competitive with respect to the HRG around the
transition, and a simple one-parameter fit is enough for
such purposes.
V. CONCLUSIONS
In this work, we have performed a detailed analysis of
the importance of the thermal corrections to the f0ð500Þ
resonance spectral parameters, regarding the description of
the scalar susceptibility χS around the region of chiral
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FIG. 9. Left: fit of the HRG reduced condensate with the normalization constant as fit parameter, fitting data up to
T ≤ Tc ¼ 155 MeV. The quoted uncertainties in the B parameter and the bands correspond to the 95% confidence level of the fit.
The lattice data and errors are from Ref. [1]. Right: prediction for the scalar susceptibility with the same B central value and uncertainty.
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FIG. 8. Fits of the HRG scalar susceptibility with the normalization constant as fit parameter. Fit 1 corresponds to fitting data up to
T ≤ Tc ¼ 155 MeV, while in fit 2, we include two more lattice points, up to T ¼ 163 MeV. The quoted uncertainties in the B parameter
and the bands correspond to the 95% confidence level of the fit. The lattice data and errors are from Ref. [1].
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symmetry restoration. Such an analysis has been carried out
for different realizations of the thermal f0ð500Þ state within
effective theories. First, using the LSM as a test bed, we
have shown that a direct relation can be established
between the scalar susceptibility and the propagator of
the lightest scalar state at zero momentum. Through the
analysis of the LSM one-loop σ self-energy at finite
temperature, we have shown that the susceptibility satu-
rated by the σ propagator has a much larger growth than the
purely perturbative one, approaching better lattice data,
although with a divergent behavior in the massive case. The
LSM analysis provides additional support for the formu-
lation of χS through the UChPT saturated approach, in
which the f0ð500Þ arises as a resonance in ππ scattering,
including thermal corrections. The UChPT approach pro-
vides a much more reliable description of the T ¼ 0
f0ð500Þ pole and of χSðTÞ as long as the basic requirements
of unitarity and analiticity are maintained. Within the IAM
formulation, such an approach actually reproduces cor-
rectly the crossover peak and lattice data within the
sensitivity of the ChPT low-energy constants. The require-
ments of unitarity, analiticity, and a good determination of
the T ¼ 0 pole are crucial to achieve the expected quali-
tative behavior for the thermal scalar mass, although a
correct description of the saturated susceptibility is
achieved when the full Oðp4Þ corrections to the thermal
amplitude are taken into account.
A conclusion shared by the LSM and UChPTapproaches
is that a saturated approach for χSðTÞ in which only this
thermal state is included can account for most of the lattice
data below and even around the transition. For that reason,
we have performed several fits of the UChPT saturated
approach, with a single parameter fit (normalization factor)
comparing it with a description based on the hadron
resonance gas in which all hadron states below 2 GeV
have been included. The HRG result for χSðTÞ, which had
not been analyzed before, provides a better fit than UChPT
for temperatures below the transition. However, as values
closer to Tc are included, the UChPT improves over the
HRG, since it can describe the susceptibility peak. In
addition, the HRG fits for the scalar susceptibility are in
conflict with those of the quark condensate, using a single-
parameter fit.
Through the various approaches analyzed in this work,
we conclude that the thermal f0ð500Þ state is crucial to
describe correctly the scalar susceptibility and hence to
understand correctly the chiral restoration transition. We
believe that our results can be useful in that sense, and we
leave for future work related problems such as the
possibility to include thermal interactions for the scalar
channel within the HRG, which could help us understand
previous studies regarding the role of the f0ð500Þ in that
approach.
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